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Abstract 

Three exact solutions say <po of massless scalar theories on Euclidean space, i.e. D 



6 (f> 3 , D = 4 (f) A and D = 3 4> & models are obtained which share similar properties. The 

■ information geometry of their moduli spaces coincide with the Euclidean AdSy, AdSs and 
AdS4 respectively on which </>o can be described as a stable tachyon. In D = 4 we recognize 

■ that the SU(2) instanton density is proportional to </>q. The original action S[(f)} written in 
terms of new scalars <f> = (f> — tfio is shown to be equivalent to an interacting scalar theory on 

. /)-diniensional de Sitter background. 

AdS/CFT correspondence [1], as a bulk/boundary correspondence, is a quantitative realization 
of the holographic principle. In [2] Witten showed that the metric on the boundary of the 
AdS space is well-defined only up to a conformal transformation and the correlation functions 

•rH , 

of the CFT on the boundary are given by the dependence of the supergravity action on the 
asymptotic behavior at infinity, see also [3]. Using the metric ds 2 = (dx° 2 + dx l2 + • • - + dx d2 ) 
for the Euclidean AdS^+i Witten showed that the generating function for CFT correlators, 
I[(/>] = In (exp J 4>0) is 

m\ = I d d vd d z^M$ 



d d yd d z ,r»ZZ + y (1) 

where (fio here, is some scalar field on the boundary, determined by the asymptotic behavior of 
scalar fields $ in the bulk: ~ x° X+ 4>o as x° — ► 0. Here, A+ is the larger root of the equation 
A (A + d) = m 2 . These results led us to a classical interpretation for EAdS/CFT correspondence 
as the relation between the solutions of the Klein-Gordon equation cj)(x , x) (bulk fields) and 
the Cauchy data </>(0, x) (boundary fields) [5]. In fact under the conformal transformation 
g^ u — x 8^ u that gives the EAdS^-i-i metric mentioned above in terms of 5^ v , the 
metric of the D-dimensional flat Euclidean space R d+l , massless fields <fi on R d+1 transform to 
massive scalars $ = x° with mass - ° l 4 ~ 1 . From the classical equation of motion SS[(f>] = 
one can determine 4>(x°,x) in terms of the Cauchy data 4>o(x) = <fi(0,x). Inserting the solution 
in S[(j)} one obtains /[</>] given in Eq.(l). By the same method, though only for scalars with 
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specific mass m 2 = the correlation functions of the boundary operators in dSd+i/CFT^ 

correspondence that Strominger [4] explicitly calculated for d = 2 and proposed for general d 
can be obtained [5]. By generalizing the method to free spinors the boundary term to be added 
to the bulk Dirac action necessary for AdS/CFT and dS/CFT correspondence [6] are obtained 
for general free massive spinors in (A)dS space [7]. 

What can one learn about AdS/CFT correspondence if one uses this method for interacting 
scalar theories instead of free scalars? The scalar field theories that can be considered are 
massless D = 6 (p 3 , D = 4 (p 4 and D = 3 <p % models [7, 8] given by the action, 

S[<i>] = J d D x i^S^d^dA - JjD?j^ j ' = 3, 4, 6, (2) 

2-D 

which is classically invariant under rescaling x — > Ax, (f> — > A 2 <p. Using the conformal trans- 
formation from R D (D-dimensional Minkowski space-time) to EAdS/j (dSo) one obtains the 

2D ,2 _ , 

same interacting theory, i.e. $°- 2 -model but for scalars with mass m = ±^-=- on D = d + 1- 
dimensional (A)dS space. The corresponding generating function for boundary CFT correlators 
can be obtained by solving (by perturbation) <p(x°,x) in terms the Cauchy data and inserting 
the solution in S[4>] [8]. As is discussed in [8] finding the solution of the equation of motion as 
power series in g the coupling constant, is necessary for applicability of the above mentioned 
method. As we will see, there are exact solutions of the corresponding non-linear Laplace equa- 
tion which although are not useful for that purpose but open a new window to the AdS/CFT 
correspondence for critical scalar field theories (2). 



The Information Geometry 

As is shown in [8], critical scalar field theories (2) are particular in the sense that the SO{D)- 
invariant (in flat Euclidean space) nonlinear Laplace equation, V 2 </> + gcj) n = 0, (g > 0), in which 
V 2 = 5^ u d^d u , has solutions like 



Ms) = (p 2 + (s_ a yy > {s-af = 5 llv {x-aY(x-a) u . (3) 



for some constants a M , a, [3 and 7 only if n = -jj^ — 1 and D = 3, 4, 6. In these cases 7 = Af^, 
and 

which for example for D = 4 gives, 



^ p 2 + (x-a) 2 ' (5) 
We note that (po(x; (3,a^) is invariant under rescaling, see appendix A and is a stable classical 
solution of an unstable model (V((j>) ~ —(/> )■ An interesting observation is that in D = 4, the 
SU(2) instanton density is [10] 

tlF2=9 V + (l a )^ ~^ (6) 



In [10] (3 in Eq.(6) is considered as the size of the instanton, suggesting to call (3 in Eq.(3) the 
size of 4>q. Considering Q 1 = (3, a M , I = 0, • • • , D in Eq.(3) as moduli, the Hitchin information 
metric of the moduli space, defined as follows [9]: 

Qu = J d D xC d! (log Co) dj (log Co) , (7) 

can be shown to describe Euclidean AdS^j+i space: 

g IJ d6 I dd J = (d(3 2 + da 2 ) . (8) 

N(D) is a normalization constant, 

N W = WTi / d ° xC ^ ( 9 ) 

and 

Co = -^^oVVo - tJtT^ 2 = ^\ (10) 



-D-2, 

is the Lagrangian density calculated at <fi = <pQ. See appendix B for details. Similar results are 
obtained for the information geometry of instantons on R 4 , for N = \ U(N) theories and for 
instantons on noncommutative space. See for example [10, 11]. 

4>o as a function of # 7 's is a free stable-tachyon field on EAdS^+i as it satisfies the Klein- 
Gordon equation given in terms of the metric (8) , 

(p 2 % + (1 - D)f3d/3 + f3 2 d 2 a + ^0 = 0. (11) 

The tachyon is stable as far as =L ^- < m 2 < [2]. 

4>o as a function of g the coupling constant (or (3 2 ), can not be analytically continued to 
g = 0. For g = 0, (f) is the Green function of the Laplacian operator i.e. V 2 (f>(x, a) x — a) 

and does not satisfy the Klein Gordon equation V 2 </> = for free scalar theory. This shows that 
<fio can not be obtained by perturbation around g = 0. In [10], the same asymptotic behavior 
for the instanton density is observed and tiF 2 is interpreted as the boundary to bulk propagator 
of a massless scalar field on AdS$. 

0o as classical de Sitter vacua 

Rewrite the action (2) in terms of new fields (f> = (f> — 4>o, one obtains 

s[cf>} = s[M + s iree [4>] + s int [4>], (12) 

where Sfo] = J d D xC (see Eq.(10)), 



D-2 , . D D + l 

D—(D-2)-tt— 2_d 

= 2 D-i r( g±l) 9 2 



192tt j 



3<y 



D = 6, 

D = 4, (13) 



e± 3 n - s 



and 



in which, 



'freeM = / d ° x Q^fyW + \m\ X )^ (14) 



^ = - [d=2 ) ^ - + ^WT^aW (15) 

— 2 — D ~ ~ 

Defining <p = one can show that £f ree [</>] given in Eq.(14) is the action of the scalar field 

4> on some conformally flat background with metric g^ v = £15^ U : 

SfreeM = / d D Xy/\^\ Q<T^(R0 + \{^R + m 2 )<?) . (16) 

Here, m?£l = M 2 (x), where m 2 is the mass of (f> (undetermined) and M 2 (x) is given in Eq.(15). 
R is the curvature scalar and £ = J^ 2 ^ is the conformal coupling constant. This result is 
surprising as one can show that the Ricci tensor = Apg^, where 

Since — m 2 > as far as SI > 0, one verifies that Ajj > which means that cj) lives on D- 
dimensional de Sitter space which radius is proportional to — m~ 2 . See Appendix C for details. 

The interacting part of the action, S 1 ^^] = / d D x^J\g^\C^ is well-defined in terms of <p 
on the corresponding dS^: 



Ant 



D = 6, 



~ S D = 4 ' (18) 



It is interesting to note that in D = 4, by a shift of the scalar field — > — y the action 
(12) can be written in the dS4 as follows: 

s0 = y d D *^~i (Igrdpfad + ^(e«)0 2 - f <a 4 ) + / ^vti (^) • ( 19 ) 

0o on Minkowski space-time 

After a Wick rotation x° — ► ix°, 4>o given in (3) can be shown to satisfy the corresponding non- 
linear wave equation on Minkowski space-time. These solutions have a time-like singularity. The 

singularity is a hypersurface given by the equation — (x°— a°) 2 + (x 1 — a 1 )-! \-(x D — a D ) 2 = — (3 2 , 

which can be considered as a D — 1 dimensional anti de Sitter space. 1 The idea, here, is to some 
extend similar to the holographic reduction of Minkowski space-time [12] where the Minkowski 
space-time is sliced in terms of Euclidian AdS and Lorentzian dS slices which correspond to 
1 The singularity becomes space-like i.e. a dSc^i hypersurface if the coupling g is negative. 



the time-like and space-like regions respectively. Considering only the free part of the scalar 
action £f ree (<^) given in Eq.(14), one can verify that D-dimensional free scalar theory given by 
5f ree (</>), induces a free (but unstable) scalar theory on the AdS hypersurface, the singularity. 
To show this, first note that the equation of motion for the scalars <f> is 

where without losing the generality we have assumed = 0. Defining new coordinates 

x° = (R + (3) cosh p, 

D-l 

x l = (R + (3)smhp z u J2 z i =1 > ( 21 ) 

i=i 

which locates the singularity at R = 0, Eq.(20) can be written as follows, 

/ 1 D(D + 2)0 2 \ ~ 

The ansatz for scalar fields living on the singularity is 4>*(p, Zj) = <j>(0; p, Zi), which from Eq.(22) 
satisfy the following Klein-Gordon equation: 

- m* 2 ) 4>* = 0. (23) 

Since — m* 2 = — D ^ +2 ) < _ ^ D ~ 1 - > , the scalar theory is not stable. The interacting theory in 
terms of (f> = <p — 4>q is still well-defined and the corresponding conformally flat background is 
a D-dimensional de Sitter space which horizon is located at the singularity. It is interesting to 
note that m* 2 = m 2 £ 2 , where m is the mass of scalars <f> on dSr, with radius £, see appendix C. 
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Appendix A 

In this appendix we show that 4>o( x ) is scale-invariant. We assume for simplicity that D = 
4. Under rescaling x — > x' = Xx the scalar field changes as (f>(x) — > <p'(x') = X~ 1 (p(x). By 
a scale-invariant object we mean a field that satisfies the relation 5 e (j) = where 5 e (f>(x) = 
<j>'(x) — <p{x) is the infinitesimal scale transformation given by A = 1 + e for some infinitesimal 
e. To this aim we first note that under a general rescaling (f)(0) — > 4>'{0) = A _1 ^(0), thus, 
in fact, (f)(x; (f)(0)) — ► (f)' (x; (f)(0)) = \~ 1 (f>(\~ 1 x; \(j)(0)). Defining = ^(0), one can show that 
S e (f)(x) = — e(l + x I di)4>(x), where x 1 G {x^,f3}. The SO(D) invariant solutions of equation 

/ \ k+2 

5 e (p = satisfying the condition 0(0; (f)(0)) = (f>(0) are (f>k = f3^ 1 ( , 13 ) . It is easy to see 
that the action (2) is invariant under the variation generated by 5 e and 4>q, among the others, is 
the solution of classical equation of motion. 



Appendix B 



Here we give a detailed calculation of Hitchin information metric on the moduli space of 4>q (3): 



D-2 
2 



From Eq.(lO) one verifies that 



Therefore 

1 2(3 



dp log C = D 



(3 (3 2 + (x - a) 



^log£ = p2 + {x _ a)2 . (26) 
Using these results and after some elementary calculations one can show that, 

Gij = N{D) I d ° xC ^ log log £ ° = N(D)/P Sij I dDy (l + l 2 ) D + 2 ' 
% = &/3 = y d D x£ d al log £ <9/3 log £o = 0, 

e » - ^/^(V^I'^/^fiwf'-FT?)) 1 (27) 

where K{D) = g 1 ~ D / 2 D D / 2+1 (D — 2) D / 2 . By performing the integrations and using Eq.(9), one 
obtains, 

Qu = jpSu, (28) 
in which 5u = 1 if / = J and vanishes otherwise. 

Appendix C 

In this appendix we briefly review free scalar field theory in D + 1 dimensional (Euclidean) 
curved space-time [13] and say few words about the classical geometry of de Sitter space [14]. 
The action for the scalar field 4> is 

S = jd D x J\g~\ l - (fd^t + (m 2 + iR)^ 2 ) , (29) 

for which the equation of motion is 

(n-m 2 - £R) = 0, U<f>= b|- 1/2 ^ (M 1/2 gTd,,*) . (30) 

(With h explicit, the mass m should be replaced by m/fi.) The case with m = and £ = Jj^ 2 ^ 
is referred to as conformal coupling. 

The curvature tensor R^ vp(J in term of Levi-Civita connection, 

r% = ^ Q (<9 P <W + d v g ap - d a g vp ), (31) 



is given as follows, 

R^vpa = dp^va ~ dv^^po + ^^pa^ ucr ~ ^acF up- (32) 

The Ricci tensor R va = R^ Vixa and the curvature scalar R = g vo ' R vcr . 

The metric of a conformally flat space-time can be given as g^ u = Sl5p U , where SI is some 
function of space-time coordinates. One can easily show that, 

Rpu = ^-y^a M ^(log^)-^VV 2 (log^) 

+ (fyflognj&pogn) - 5p U 5^dp(iogn)d a (\ogn)) 

SIR = (1 - D)V 2 (logO) + (1 - - 2) (5^^(logO)9 i ,(log^). (33) 

By inserting <fi = Sl~^4> m the action S[<fi] = J d D x\5^ u dp(j)d u (f), one obtains, 

r ~, f n / 1 D-2 - - 1 / D-2 „ D-2\ - n \ 

s[</>] = / d D x i-n—s^d^4>d u (f> - - (n—v 2 n—) <p\ 

= J + (34) 

To obtain the last equality the identities g^ v = Sl5p V and £,y/gR = —SI ± V SI * are used. 
Consequently the free massless scalar theory on D-dimensional Euclidean space, is (classically) 
equivalent to some conformally coupled scalar theory on the corresponding conformally flat 
background. 

A D-dimensional de Sitter (dS) space may be realized as the hypersurface described by the 

equation —Xq + X 2 -\ V X 2 D = £ 2 . £ is called the de Sitter radius. By replacing £ 2 with -£ 2 

the hypersurface is the D-dimensional anti de Sitter (AdS) space. (A)dS spaces are Einstein 
manifolds with positive (negative) scalar curvature. The Einstein metric Gp V = Rp V — ^Rg^ u , 
satisfies Gp U + Ag^ u = 0, where A = 2fF is the cosmological constant. From Eq.(17) one 
obtains — Am 2 £ 2 = D(D + 2) which determines the radius of the dSu background in terms of 
the mass of scalar field cf>. 
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